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Distributed Systems Approach to the Identification
of Flexible Structures
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Pennsylvania State University, University Park, Pennsylvania

and
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This paper presents a distributed parameter estimation scheme and investigates its computational merit for three
idealized examples of the identification of large flexible structures. The method retains the distributed nature of the
structure throughout the development of the algorithm and a finite-element approximation is used only to implement
the algorithm. This approach eliminates many problems associated with the model truncation used in other methods
of identification. The identification problem is formulated in Hilbert spaces and an optimal control technique is used
to minimize a weighted least squares of error between the actual and the model data. A variational approach is used
to solve the problem. A costate equation, gradients of parameter variations and conditions for optimal estimates are
obtained. Computer simulation studies are conducted using flexible beam models as examples. Numerical results show
a close match between the estimated and true values of the parameters.

Introduction

WITH the advent of a space transportation system and
NASA's present emphasis on the deployment of a per-

manent space station, the area of large space structures (LSS)
has received much study and attention in these last few years.
By necessity, these large structures are flexible and very com-
plex in nature. Their dynamic characteristics in space cannot be
determined through ground testing alone and must be derived
from both ground testing and testing in space. There is also a
basic need for a control system to obtain an accurate set of
system parameters so as to tune itself to give proper and stable
system response.1 Often, the LSS is divided into substructures,
such as equivalent flexible beams, plates, membranes, etc., and
tested individually. Motivated by the identification of large
flexible structures, we present a distributed parameter estima-
tion scheme and investigate its computational merit for the
three idealized examples. The basis for the development is that
a large space structure is a distributed system-and its parame-
ters are either constants or functions of spatial variables. More-
over, the joint-dominated structures can be approximated as
equivalent flexible beams or plates with distributed parameters
for control purposes. These parameters are to be determined
from the knowledge of either experimental or real data in
space.

Recently, there have been several conferences, workshops,
reports, and publications by NASA, AIAA, AAS, and IEEE
devoted to LSS's problems. From these conferences and jour-
nal publications, two distinct approaches to the solution of
LSS's parameter identification problems have emerged. They
are

1) A finite-dimensional design approach where a structural
model is first truncated to a reduced-order model and an esti-
mator is designed based on the reduced-order model.

2) An approach where an infinite-dimensional (distributed)
model is retained as long as possible throughout the develop-
ment of an estimation algorithm and the necessary truncation
is carried out only to implement the algorithm.

Table 1 is a list of some of the work done along these two
approaches to the parameter identification problems for
LSS's.2"16 There are also two excellent survey papers for the
distributed system parameter identification problem (DSPIP)
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for the general cases written by Polis and Goodson17 and
Polis.18 It is obvious from these surveys that by far the most
effort put into the study of the identification problem to date
has been based on the finite-dimensional (finite-element or
finite-difference) models, which can be addressed using ordi-
nary differential equation (ODE) parameter estimation theory.
The main disadvantage of this approach is the high dimension-
ality involved, which greatly restricts the use of identification
algorithm developed for ODE. Therefore, in this paper the
second approach is used, i.e., the distributed nature of the
structure [continuum or partial differential equation (PDE)
model] is retained as long as possible before the parameter
identification algorithm is implemented numerically. The ma-
jor motivation behind the use of a continuum model is that, if
one does not use a continuum approach, there might be a
problem which has been overlooked and a design may not
work when implemented on a real system.19 The PDE's are free
from an arbitrary dimensionality imposed through discretiza-
tion and reduce at least one source of error that is introduced
externally into the model. In the continuum model approach,
the discretization or truncation is carried out in a later stage to
implement the algorithm. It needs to be pointed out that the
truncation is carried out at a different point in the problem,
whereas truncating in the finite-dimensional approach, in
which one throws away modes, implies throwing away some of
the information.

In this paper, the parameter identification problem for a
flexible beam representing a generic LSS component is formu-
lated in an abstract setting in Hilbert spaces and an optimal
control technique is then used to solve the identification prob-
lem. The basic approach is the use of an iterative scheme to find
the parameter values (mass, flexural rigidity, damping co-
efficient, etc.) that minimize the error between the simulated
model output and the measured data. A variational approach

Table 1 Literature surveyed on the parameter estimation of
large space structures

Reference Approach

2-13 A finite-dimensional design approach where the
structural model is truncated and the estimator is
designed based on the reduced-order model

13-16 An infinite-dimensional design approach where the
PDE model is retained as long as possible and
truncation is carried out only after the estimation
algorithm is developed
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is used to solve the problem and the necessary conditions are
obtained. A steepest descent technique method is used for the
convergence of error criterion. In the implementation stage of
the algorithm, infinite-dimensional Hilbert spaces are approxi-
mated by finite-dimensional spaces using the finite-element
method.

In sections that follow, a mathematical framework for the
parameter identification of a flexible beam is developed. Then,
an abstract formulation of the identification problem follows.
An infinite-dimensional algorithm is then developed for the
solution of the identification problem. At the end of this paper,
numerical results of the parameter identification of vibrating
beams in three specific cases are presented to demonstrate the
method developed.

Parameter Identification Problem
In this section, a mathematical framework for the parameter

identification problem for a flexible beam representing a
generic component of the large space structures (LSS) is pre-
sented. The basis for the development of this format is that a
large space structure is a distributed system that is controlled
by a few localized actuators and that the algorithm is to be
implemented in an on-board computer of limited size. The LSS
system can be partitioned into a number of components, each
of which can be modeled by a simple partial differential equa-
tion. The motivation behind this partitioning of a LSS into
localized sections is that the partial differential equation for a
substructure describes the behavior of the spacecraft within a
local neighborhood of each point. Since sensors measure and
disturbances affect local variables, a reasonable job of parame-
ter identification may be accomplished with "local" parameter
identification.
A Distributed System Model

The large space structures can be approximately decom-
posed into equivalent flexible bodies of simple structures such
as strings, beams, membranes, plates, and discrete point masses
and rigid bodies. The dynamic behavior of the equivalent struc-
tures can be described by a system of partial differential equa-
tions of the form

d2u du
~ 2 (*>0 -+ A> - (x,t) + A0u(x,t) = F(x,f)

') (1)
where u(x,t) represents instantaneous displacement of the
structure on a spatial domain Q off its equilibrium position due
to transient disturbances or the applied force function F(x, f).
The displacement can be translational or rotational and the
force can be generalized to include torque as well. The mass per
unit length m(x) is positive and bounded on Q.1

The structural stiffness is determined by a time-invariant,
symmetric, nonnegative differential operator A0. The domain
D(A0) of A0 contains all of the smooth functions satisfying the
boundary conditions and is dense in the infinite-dimensional
Hilbert space H0 = L2(O), the space of square integrable func-
tions, with the usual inner product <•, •> and the associated
norm ||-||.

The damping occurs due to material properties and con-
struction techniques. It is represented by the differential opera-
tor DQ. Its nature in space is poorly known and it is believed to
be very light. Thus, in many LSS analyses, damping is
neglected.

The applied force distribution is

= FB(x,i) + FD(x9t) (2)
where FD represents the external disturbance forces on the sys-
tem (and possible nonlinearities) and Fc the control forces due
to M actuators, as

(3)

where the actuator amplitudes are ft{t) and the actuator in-
fluence functions are bt(x) in H0. These are usually localized or
point devices so that bt(x) is often approximated by d(x — xt)
where xt is a point in Q. However, they do not need to be point
sources. Finally, FB represents the boundary forcing function.
It normally represents the forces that couple the local sub-
systems modeled by Eq. (1) to other subsystems modeled by an
analogous equation. In general, it can be represented as

(4)

where gt(t) is a boundary force amplitude that can be either a
force or a moment due to another subsystem coupled at the
boundary. Consequently, bt{x) can be approximated either by
S(x — xt) or (d/dx) S(x — xz), respectively, where xz is a point in
the boundary dQ.25 We show gt{f) to be a function of time only
for rotational compaction and it is clear that FB will depend
upon the deformation states (and derivatives thereof) of the
locally coupled subsystems.

Since the subsystem of Eq. (1) is coupled to other subsystems
through the boundary constraint forces, it is necessary to solve
the family of PDE's as well as the rigid-body equations
(ODE's) simultaneously. The vibration of any substructure ob-
viously excites its neighbors (and vice versa) through boundary
or joint forces and moments. These joint forces are not neces-
sarily actuators and, of course, are not fully under local control
since they are associated with the type of boundary conditions
(pinned, clamped, etc.) existing between adjacent substructures
and, obviously, they depend upon the motion of adjacent sub-
structures.25 This paper, however, considers the single PDE
case only as a first step down a path toward a method useful in
applications.

The boundary conditions depend on the structural configu-
rations. The initial conditions are given by initial displacement
or initial velocity as

~ (5)

If the system is observed by P sensors, the output vector is in
the form

(6)

where yj(i) = <c/,w> + <£/,«,>, 1 <j<P, and Cj and ej are in-
fluence functions of position and velocity sensors, respectively,
in H0. Again, these are usually localized or point devices.

Possible disturbance forces include thermal gradients, grav-
ity gradients, aerodynamic forces due to atmospheric effects,
and meteorite collisions, as well as on-board disturbances due
to pumps, motors, crew motions, etc. Control actuators can be
thrusters, control-moment gyros, momentum wheels, and
interelement devices, while the sensors might be mixture of
position, velocity, and acceleration devices. In this paper, a
disturbance-free force function is considered, i.e., FD = 0.
Basic Problem Formulation

Equation (1) is a linearized system model of an equivalent
flexible beam as a generic component of a large space structure
and, thus, the model does not represent the true model. Fur-
thermore, parameters in the equivalent model are not fully
known to a designer. Therefore, an identification method
should be developed to estimate these parameters for the best
representation of the system.

Let q(x) be the vector of system parameters in Eq. ( 1) and g
an admissible set of parameters. Then, the parameter identifi-
cation problem is to determine the parameter vector q*(x) eg,
which minimizes

(7)= ̂  (y-z)TR(t)(y-z)dt
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where z is the measurement of output vector y given as

z(x9t) = y(x,t) + e(x9t)

with a measurement error e(x,i). Also, it is defined that

(y-z)TR(t)(y - z) = f [y(x9t) - z(x,t)]T

(8)

xR(x9t)[y(x9t)-z(x,t)]dx (9)

where the matrix R is positive-definite and symmetric. In the
above equations, yT denotes the transpose of y and T alone
represents the final time.
Infinite-Dimensional Formulation

To develop an estimation algorithm, it is convenient to first
introduce the notations necessary to define suitable function
spaces for the estimation problem. In distributed systems gov-
erned by partial differential equations as in Eq. (1), the state is
a function, at each point in time, defined on a given spatial
domain or, alternatively, the state is a point in an infinite-
dimensional (function) space. Therefore, the distributed system
of Eq. (1) can be viewed as an abstract second-order differen-
tial equation in an infinite-dimensional space. Let H be a
Hilbert space with inner product <</>, q> > = |n <fr(x)(p(x) dx and
associated norm \\-\\. It is also defined that

and
#2(Q), F separable

(10)

(11)

where L2(Q) is the space of square integrable functions on Q
and Hm(Q) is the usual Sobolev space of degree m defined over
the domain Q. If F is a dense subspace of H and H a pivot
space, then there exist the continuous embeddings F c H c F',
where V is the space of continuous linear functionals on F.
The norm on F is defined as ||-||.

Let L2(0,r;F) be defined for any function/(O such that
/(OeF, re[0,r],and

a: l/2
<oo (12)

In a similar manner, L2(0,jT;F') may also be defined. Hence, if
/(r)eL2(0,r;F) and A(i)eL(V\V'\ then fe[0,r] is a linear
operator from Finto V and A(f)f(f) is a function such that

t-*A(f)f(i)eV (13)

It may be verified that this function is measurable and satisfies

\\A(i)f(t)\\^<c\\f(f)\\y (14)

for some constant c > 0.
The identification problem developed in the last two sub-

sections can now be rewritten in a linear operator form as

f-2 u(f) + D(q) |- u(f) + A(q)u(f) = B(q)f(f) in (0,71

The operators in Eq. (15) are given by

It may be pointed out here that the letter u is used in two
different ways: in Eq. (1), u = u(x,t) and (*,/) e Q x [0,r],
whereas in Eq. (15), u(f) or u(t\q\ if dependence on q is empha-
sized, is an element of the function space F. The state space F
is defined in such a way that any element in F will satisfy the
boundary conditions defined for the structure.

The output function is

= Cu(t) (18)

where CeL(F;7) is a continuous linear operator from Finto
7, Y being another Hilbert space. For a system with continu-
ous distributed data, it is appropriate to define Y = L2(Q).
However, Y = RN is applicable to situations where only dis-
crete measurements are available.

The identification problem can now be formulated as an
abstract problem of determining the parameter vector
q *(x) e Q that minimizes

= := WO - z(f)}TR(t)[y(i) - z(f)} At (19)

where z(t) is the observed data belonging to Y and y(f) is the
solution of Eqs. (15-18).

Development of Infinite-Dimensional
Identification Algorithm

The identification problem defined by Eqs. (15-18) can be
viewed as an optimal control problem, where the parameter
vector q(x) is considered as control. Since the parameters are in
the coefficients of Eq. (15), the problem can be approached as
an optimal coefficient control problem.20 The general nonlinear
control problem has been solved using a variational approach
by Lions21 and applied to a class of identification problems by
Chavent22'23 and Lee13 and Lee and Hossain.24 The approach
to be presented in this paper will be the generalization of these
developments to a broader class of second-order functional
differential equations. The main result is summarized below.

Theorem: Given a state equation (15) with initial conditions
given by Eq. (16) and the cost function by Eq. (19) with y(t)
satisfying Eq. (18), then the optimal parameter vector q*
satisfies the state equations (15) and (16) and the following
system of equations:

= -~CTR(Cu-z) (20)

with the final conditions

p(T)=-p(T)=0 (21)

ueL2(0,T;V), (15)

where /(f) is given in L2(0, T; F) and the initial conditions are

"(0) = t/0, «0 given in F

and

— «(0) = MI,
at r given in H (16)

and, moreover, the first variation of an augmented cost func-
tional is

(22)= [V-^ \D ̂  + Au - Bf\dq dt = 0

where p(f) is a costate variable also belonging to the Hilbert
space F and D* and A* denote adjoint operators of D and A,
respectively.
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Proof: By combining Eqs. (15) and (19), an augmented cost Substituting Eqs. (28) and (29) into Eq. (24), the variation
functional can be defined as becomes

+ D + Au(t) ~ Bf(t) (23)

Following the variational approach, the necessary condition
for the minimization of the equivalent cost function Ja is that
its first variation vanishes for an arbitrary admissible parame-
ter variation. The variation is

-jduTCTR(Cu-z) \dt:W-z)l( (24)

The next step is the elimination of 6(d2u/dt2) and S(du/dt) in
Eq. (24).

By the repeated use of integration by parts,

r TJ&U\ * T, fdu\ r rd/?r * AM Ap T d { — ^ \ d t = p T d { — \ \ -\ -^-d\—\dt
Jo y \dt2) P \dtj\0 J0 dt \dt)

= /^( i ) l ~^7ou dt2 Sudt (25)

Since the initial conditions are given by Eq. (18), their varia-
tions are zero, i.e.,

(26)

By choosing the final conditions,

p(T)=-p(T)=() (27)

Eq. (25) becomes

r^fsv-Jo Vd'V

(28)

Similarly,

r T CT dp ̂
o Jo df

CT dpT

= — -~- Ddu dtJo d;

==_rSuTD*dpdt
Jo " d*

DSudt

(29)

(31)

where A* is also the adjoint operator of A. In order to obtain
a direct relationship between dJa and dq for an arbitrary du, it
is necessary to require the second integral to be zero. This
results in the adjoint or costate differential equation

^p(t) - /)* ̂ XO +**P(t) = ~ CTR(Cu - z) (32)

with the final conditions

_d
'"dt

Finally, the variation in Eq. (31) becomes

^= [T pTi.(D^-+Au~Bf\^At

(33)

(34)

which is a direct relationship between the parameter variation
dq and the cost variation.

Thus, the optimal parameter vector q* satisfies both the
system of Eqs. (15) and (16) and the costate equations (20) and
(21); moreover, the first variation in Eq. (22) is zero.

Since the optimal parameter vector q*eQ requires that the
first variation bJa be zero, an iteration algorithm can be used to
choose the parameter variation dq in the direction of decreas-
ing bJa or in the negative gradient.
A Steepest Descent Computational Algorithm

A form of steepest descent or gradient projection method
may be used to iteratively compute the optimal parameter vec-
tor q*. The new value of qk +1 is computed as

q*+\x)=qk-Wk(-l (35)

where Wk is an arbitrary constant matrix, sufficiently small for
ensuring convergence of the algorithm. There are a number of
ways by which the matrix Wk can be chosen. It may be deter-
mined by a linear, search so that qk + 1(x) minimizes J(q) in the
direction — dJJdq from qk(x). Alternatively and more simply,
Wk can remain fixed for all k.

A flowchart for the iterative algorithm to estimate structural
parameters is given in Fig. 1.

Parameter Identification of Vibrating Beams
This section gives some numerical results on the identifica-

tion of parameters of a vibrating beam using the algorithm
developed. Three specific cases of vibrating beams are consid-
ered. For numerical implementation of the algorithm, the
finite-element method is employed to obtain approximate solu-
tions of the state and costate equations of motion of the beam.
In cases 1 and 2, the parameter estimations of a simply sup-
ported beam and a cantilevered beam are considered. In both
the cases, the parameters are considered to be constants. In
case 3, a beam parameter is considered to be a function of
space variable. In all three cases, beams are excited by a step
load function.

where D* is the adjoint operator of D denned by

. = <D*u,vy (30)

Case I: A Simply Supported Beam
In this section, the parameter estimation of a simply sup-

ported beam as shown in Fig. 2a is considered. The partial
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INITIALIZATION
MAKE AN INITIAL GUESS OF PARAMETERS

READ EXPERIMENTAL OR REAL DATA

BACKWARD-TIME SIMULATION OF THE
COSTATE EQUATION P(x.t)

COMPUTE THE GRADIENT OF
CRITERION

CALCULATE NEW VALUES OFPARAMETERS

UPDATE PARAMETER VALUES IN THE MODEL

Fig. 1 Flow chart for the parameter estimation of a flexible structure.
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Fig. 2 Case I beam, a) Simply supported beam with a step load,
b) Resultant displacements at L/2.

differential equation governing the displacement u(x,f) of any
section jc at time t from its equilibrium is given by

(36)

where p is the density of the material of the beam, A its cross-
sectional area, E Young's modulus, and / the relevant second
moment of the area of the cross section. The applied force is
given by f(f) and b(x) is a function in x and represents the
distributed nature of the force. Let m = pA be the mass per
unit length. Both the flexural rigidity El and the mass per unit
length m are considered constant. The length of the beam is L.
The excitation force f(t) is applied at a point, say, at the middle
of the beam L/2. The boundary and the initial conditions for

the simply supported beam are given as

,L], t > 0

and

a:aT = 0,

(37)

(38)

It is assumed that a sensor is placed to directly measure
displacements at some point on the beam, say, at L/2, i.e.,

*.-.(!
Let the recorded data be denoted by z(t).

z(t) = y(t) + e(t)

Then, the error criterion becomes

(39)

(40)

(41)

Equation (36) can be rewritten as

d2ui EId4u 1 - / L\
:= ———Fl + -<5 ^--^m 5x4 m \ 2/

or

d2u d4u
(42)

where qv = El/m, q2 = 1/m, and the parameter vector is defined

From Eq. (32), the costate equation can be written as

d2p d4p R ( L\
-^2 = ~tfi ~jr-4 + j, [u - z] d I x - - j, x e[0,L], t e[0,r)

(43)

From Eq. (33), the final conditions for the costate equation are

p(x,T)=-p(x,t) = 0, xe[0,L] (44)

For a change in q\ and q2, it follows from Eq. (34) that

&Jn'-rrJo Jo

-JTJo Jo
p6(x--\f(t)dq2dxdt (45)

The spatial integral in the first term of Eq. (45) can be written
as

nJo

d*u L CLd*pd*u
o Jo dx2dx2

and by using the boundary conditions [Eq. (37)],

dx (46)

(47)

where the boundary conditions for the costate equation are
chosen to be the same as those for the state equation, i.e.,

0,L], f e[0,r] (48)
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Thus, the variation of Eq. (45) becomes

545

FT [L ( T

~\ pS(X--
Jo Jo V

To apply the steepest descent algorithm [Eq. (35)], the gradient
vector for a uniform beam is computed as

=
dq, Jo 6x2dx2

and

(so)
Thus, parameters can be updated by the steepest descent

algorithm

(51)

where Wj and w2 are arbitrary weighting functions chosen suffi-
ciently small to ensure the convergence of the algorithm.

The simply supported beam and its load are shown in Fig.
2a. The resulting displacement is shown in Fig. 2b. The beam
is 4 m long and a step load of 100 N/tri is applied at the mid-
point. The true values of mass per unit length m and flexural
rigidity El are 67 kg/m arid 2300 N/m2, respectively. A point
sensor is also located at the midpoint to measure the dis-
placement. The weighting factors used for convergence are
wl = 150,000 and w2 = 0.03. The performance data are pre-
sented in Table 2.
Case II: A Cantilevered Beam

To further illustrate the method, a cantilevered beam of Fig.
3a is considered. This time, a damping term is added to Eq.
(36),

xe[0,L], (52)

where £ is a damping coefficient.
A step load is applied at the tip of the beam, i.e., at x = L

and the displacement data are also gathered at L, i.e.,

STEP LOAD

m = 67 kg/m
El = 2300Q N/m2
£ = 0.1

oo

LJ 00
2IT —UJ £ tf>

<tl "•
_J c UJO
o.v5 _i iico < c
S 8Z «• 500 1000 1500 2000

T I M E ( m a )

Fig. 3 Case II beam, a) Cantilevered beam with a step load,
b) Resultant displacements at L.

The boundary conditions for a cantilevered beam are

= 0, f > 0

dx2 = 0, *>0 (53)

The beam is initially at rest and hence the initial conditions are

dn(x,0) = — u(x,t) =0, x e [0,L]
^ ,-o

du(x,0
3x , = o~5x2"w = 0, xe[0,L] (54)

The error criterion is

J = ̂ l * ( y - z ] T R [ y - z ] d t

Equation (52) can be rewritten as

d2u _ d3u d4u
dt2 3 dx2dt 1 di

where

(55)

El El

and the parameter vector is defined by q — \q\^q^q^T.

Table 2 Performance data for case I

Iteration El \l error2 dt

1
2
3
4
5
6
7

True
values

301.58
311.68
325.65
338.48
342.11
342.96
343.19

343.28

0.0158
0.0154
0.0151
0.0149
0.0149
0.0149
0.0149

0.0149

63.00
64.84
66.27
66.91
66.98
66.99
66.99

67.00

19000.00
20207.72
21582.87
22647.68
22913.64
22973.13
22989.35

23000.00

0.20178E-01
0.16640E-01
0.71528E-02
0.57208E-03
0.34507E-04
0.26524E-04
0.24364E-04
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From Eq, (32), the costate equation can be written as

d2p d3p 84p R
dt2

_
[ d x 4 T

(56)

From Eq. (33), the final conditions for the costate equation are

p(x,T)=-p(x,t) = 0, Jce[0,L] (57)

For a change in ql9 q2, and #3, it follows from Eq. (34) that
T CL d4u r CL

1 p a? Sqi dx dt ~ 1 L pd(x ~ L)f(t)6q2 dx dt

Following the similar procedure used in obtaining Eq. (49), the
variation becomes

Tf'Jo Jo
Sq3 dx dt (58)

where the boundary conditions for the costate equation are the
same as those for the state equation, i.e.,

d2

d2

= o, > o

= 0, t>0 (59)

The equation for obtaining gradients for q± and q2 are the
same ones for case I. The gradient for q3 can be obtained by
simplifying the additional gradient of cost term due to damp-
ing, -rr
Since -i:

d3u
' d2xdt

82u

5q3 dx dt

T rdpd^u
o Jo dtdx2 dt

by using the initial and final conditions [Eqs. (54) and (57)],
respectively,

(T(Ldp
= \ 77Jo Jo dt

dpd2u
T~2dx2 Sq3 dx dt (60)

To apply the steepest descent algorithm [Eq. (35)], the gradient
vector for a uniform beam is computed as

6Ja= rrdpd2u
Sq3 J0 dt dx2 (61)

Thus, parameters can be updated as before by the steepest
descent algorithm [Eq. (35)] for i = 1,2,3.

For the second case the cantilevered beam shown in Fig. 3a
is excited at the tip by a step load function and the resultant
displacement is shown in Fig. 3b. Here, the true values of
parameters are m = 67 kg/m, El = 2300 N/m2, and £ = 0.1.
The weighting factors used for the convergence are wl = 3500,
vv2 = 0.008, and w3 = 125. The performance data are presented
in Table 3.

Case III: A Simply Supported Beam with Spatially Variable Parameter
So far, we have demonstrated the eff€ctiveness of our al-

gorithm to the cases where beam parameters do not vary with
the space variable. In this example, the identification algorithm
is applied to the case of a simply supported beam with spatially
variable flexural rigidity as shown in Fig. 4a. For simplicity, it
is assumed that mass per unit length is constant and the damp-
ing coefficient is zero. The equation of motion of a normalized
beam is given by

d2u d2 f d2u~]
a?+^2rw^ r 0' Ll * >0 (62)

where q = EI(x).
The boundary and the initial conditions are as given in Eqs.

(37) and (38).
From Eq. (32), the costate equation can be written as

82p

], fe[0, T) (63)

The boundary and final conditions for the costate equation are
the same as those given in Eqs. (44) and (48).

Table 3 Performance data for case II

Iteration

True
values

El

343.28 0.0149 3.70 67.00 23000.00 0.1

error2 dt

1
2
3
4
5
6
7
8
9

10
11
12
13

301.59
318.01
326.20
331.30
334.72
337.10
338.83
340.07
340.96
341.56
342.06
342.44
342.73

0.0159
0.0155
0.0153
0.0152
0.0151
0.0151
0.0151
0.0150
0.0150
0.0150
0.0150
0.01497
0.01496

2.08
2.76
3.06
3.23
3.34
3.43
3.49
3.53
3.55
3.56
3.59
3.62
3.64

63.00
64.50
65.26
65.73
66.05
66.27
66.43
66.55
66.65
66.71
66.76
66.80
66.83

19000.00
20512.92
21286.34
21775.47
22107.25
22339.85
22510.09
22632.61
22721.78
22783.93
22835.96
22874.19
22903.95

0.060
0.077
0.085
0.089
0.091
0.093
0.095
0.096
0.096
0.096
0.097
0.098
0.098

0.7843E-01
0.1664E-01
0.9432E-02
0.4498E-02
0.2284E-02
0.1238E-02
0.6649E-03
0.3796E-03
0.2199E-03
0.1519E-03
0.8667E-04
0.496 IE-04
0.1165E-04
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SECTION 1 STEP LOAD SECTION 2

L/2-
SECTION 1

m = 67 kg/m „
a) El * 23000 N/m2

-L/2-
SECTION 2

m = 67 kg/m ̂
El = 40000 N/m2

The simply supported beam and its load, shown in Fig. 4a is
divided into two sections. The flexural rigidity coefficients q for
sections 1 and 2 are, respectively, 2300 and 4000 N/m2. The
mass per unit length m is 67 kg/m and assumed constant
throughout the length of the beam. The beam is excited at L/2
and the displacements are measured by two point sensors lo-
cated at L/4 and 3L/4. The weighting factors used for conver-
gence are wt = 125 for section 1 and w2 = 100 for section 2. The
performance data are presented in Table 4.

LJ UJ

5t So * ro" -
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Fig. 4 Case III beam, a) Simply supported beam with spatially variable
flexible rigidity, b) Resultant displacements at L/4. c) Resultant displace-
ments at 3L/4.

Conclusion
Infinite-dimensional identification method presented in this

paper shows a significant promise in the parameter estimation
of flexible beams with potential for applications to large space
structures. The basic approach is the abstract formulation of
the system dynamics in function spaces and then applying opti-
mal control theory to adjust the system parameters so that the
error between actual and model data is minimized. The use of
partial differential equations for the purpose of estimation may
eliminate many problems associated with model truncation in
the finite-dimensional approach. Based on partial differential
equation models and a quadratic performance index, an al-
gorithm to estimate the optimal parameters of the equivalent
model has been developed. The numerical results show the
effectiveness of the algorithm in estimating beam parameters in
three specific cases. The results show a fairly good match be-
tween the model and the estimated parameters.

Table 4 Performance data for case III

Iteration q (section 1) q (section 2) error2 d/

1
2
3
4
5
6
7

21000.00
21686.15
22261.30
22630.66
22814.49
22911.04
22968.10

39000.00
39286̂ 47
39521.45
39688.41
39759.51
39793.95
39815.07

0.76863E-02
0.40601E-02
0.14636E-02
0.41442E-03
0.13629E-03
0.51151E-04
0.11209E-04

True
values 23000.00 40000.00

For a change in q, it follows from Eq. (34) that

(64)f T CL d (d2q d2u dq d3u d4u\
= /7^h-iTi + 2/T-3 + ̂ T^ <Jo Jo d\dx2dx2 dxdx3 dx4J

From which one gets

which may be further simplified as
T L 2 2

(65)

Hence, the gradient vector for a section x of the beam is

(66)dq
rTd2

Pd*u
J0 dx2dx2

Thus, parameters can be updated by the steepest descent
algorithm as in the previous cases.

References
'Balas, M. J., "Trends in Large Space Structure Control Theory:

Fondest Hopes, Wildest Dreams," IEEE Transaction on Automatic
Control, Vol. 1, Jun. 1982, pp. 522-535.

2Wells, W. R. and Spalding, G. R., "Parameter Estimation and
Identification of Distributed Systems," Proceedings of the Symposium
on Dynamics and Control of Large Flexible Spacecraft, Virginia Poly-
technic Institute and State University, Blacksburg, VA, Jun. 1977, pp.
107-117.

3Tung, F. C., "Finite Element Models and System Identification of
Large Space Structures," Proceedings of the Symposium on Dynamics
and Control of Large Flexible Spacecraft, Virginia Polytechnic Institute
and State University, Blacksburg, VA, Jun. 1977, pp. 255-267.

4Balas, M. J. and Lilly, J. H., "Adaptive Parameter Estimation of
Large-scale Systems by Reduced-order Modeling," Proceedings of 20th
IEEE Conference on Decision and Control, San Diego, CA, Dec. 1981,
Vol. 1, pp. 233-239.

5Balas, M. J., "Parameter Estimation of Large Flexible Aerospace
Structures with Application to the Control of the Maypole Deployable
Reflector," Rensselaer Polytechnic Institute, Troy, NY, Nov. 1981.

6Lee, K. Y. and Bitter, S. M., "Identification of Distributed Parame-
ter Systems using Finite Element Approximation," Proceedings of 1982
American Control Conference, Arlington, VA, June 1982, Vol. 1, pp.
433^34.

7Banks, H. T., "Algorithm for Estimation in Distributed Models
with Application to Large Space Structures," Proceedings of Workshop
on Application of Distributed System Theory to the Control of Large
Space Structures, Jet Propulsion Laboratory, Pasadena, CA, July 1982,
pp. 505-509.

8Hendricks, S. L., Rajaram, S., Kamat, M. P., and Junkins, J. L.,
"Identification of Large Flexible Structures Mass/Stiffness and Damp-
ing from On-orbit Experiments," Proceedings of Workshop on Applica-
tion of Distributed System Theory to the Control of Large Space
Structures, Jet Propulsion Laboratory, Pasadena, CA, July 1982, pp.
511-520.

9Hendricks, S. L. et al., "Identification of Large Flexible Structures
Mass/Stiffness and Damping Matrices for Large Linear Vibratory Sys-
tems," Journal of Guidance, Control, and Dynamics, Vol. 7, March-
April 1984, pp. 244-245.

10Banks, H.T. and Rosen, I.G., "Approximation Techniques for
Parameter Estimation and Feedback Control of Distributed Models of
Large Flexible Structures," Proceedings ofNASA/ACC Workshop on
Identification and Control of Flexible Space Structures, San Diego, CA,
June 1984.

11 Rajaram, S. and Junkins, J. L., "Identification of Vibrating Flex-
ible Structures", Journal of Guidance, Control, and Dynamics, Vol. 87,
July-Aug. 1985, pp. 463^70.



548 K.Y. LEE AND S.A. HOSSAIN J. GUIDANCE

12Lee, K. Y., Walker, D., and Hossain, S. A., "Structural Parameter
Identification of Distributed System Using Finite Element Approxima-
tion," Proceedings of 24th IEEE Conference on Decision and Control,
IEEE, New York, Dec. 1985, pp. 1145-1150.

13Lee, K. Y., "Technique for the Identification of Distributed Sys-
tems using Finite Element Approximation," Advances in Control and
Dynamic Systems, Vol. 27, edited by C. T. Leondes, Academic Press,
New York, 1987.

14Spalding, G. R., "Distributed System Identification—A Green's
Function Approach," Transactions ofASME, Journal of Dynamic Sys-
tems, Measurement, and Control, Vbl. 98, June 1976, pp. 146-151.

15Burns, J. A. and Cliff, E. M., "On the Formulation of Some Dis-
tributed System Parameter Identification Problems," Proceedings of
Symposium on Dynamics and Control of Large Flexible Spacecraft,
Blacksburg, VA, June 1977, pp. 87-105.

16Sun, C. T. and Juang, J. N., "Parameter Estimation in Beams
using Timoshenko Beam Model with Damping," Proceedings of Work-
shop on Application of Distributed System Theory to the Control of
Large Space Structures, Jet Propulsion Laboratory, Pasadena, CA,
July 1982, pp. 531-545.

17Polis, M. P. and Goodson, R. E., "Parameter Identification in
Distributed Systems: A Synthetic Overview," Proceedings of the IEEE,
Vol. 64, Jan. 1976, pp. 45-61.

18Polis, M. P., "Distributed System Parameter Identification Prob-
lem: A Survey of Recent Results," Proceedings of 20th IEEE Confer-
ence on Decision and Control, IEEE, New York, Dec. 1981, pp.
223-227.

19Gran, R., "Control of Flexible Structure: A Synthetic Overview of
the Problem," Proceedings of Workshop on Application of Distributed
System Theory to the Control of Large Space Structures, Jet Propulsion
Laboratory, Pasadena, CA, July 1982, pp. 49-69.

20Lee, K. Y. and Clary, J. W., "Optimal Control of Bilinear Dis-
tributed Parameter Systems," Proceedings of 17th IEEE Conference on
Decision and Control, IEEE, New York, 1979, pp. 886-891.

21 Lions, J. L., Optimal Control of Systems Governed by Partial
Differential Equations, Springer-Verlag, Berlin, 1971.

22Chavent, G., "Identification of Functional Parameters in Partial
Differential Equation," Identification of Parameters in Distributed Sys-
tem, edited by R. E. Goodson and M. P. Polis, ASME, New York,
1974, pp. 31^8.

23Chavent, G., "Identification of Distributed Parameter System:
About the Output Least Square Method, Its Implementation, and
Identifiability," Proceedings of 5th IF AC Symposium on Identification
and System Parameter Estimation, Pergamon Press, New York, 1979,
pp. 85-87.

24Lee, K. Y. and Hossain, S. A., "System Identification of Dis-
tributed Systems Applied to Seismic Inverse Problem," Proceedings of
24th IEEE Conference on Decision and Control, IEEE, New York, Dec.
1985, pp. 1139-1144.

25Taylor, L. W. and Balakrishnan, A. V., "A Mathematical Problem
and a Spacecraft Control Laboratory Experiment (SCOLE) Used to
Evaluate Control Laws for Flexible Spacecraft—NASA/IEEE Design
Challenge," University of California at Los Angeles, June 1984.

From theAIAA Progress in Astronautics and Aeronautics Series.,

ORBIT-RAISING AND MANEUVERING PROPULSION:
RESEARCH STATUS AND NEEDS—v. 89

Edited by Leonard H. Caveny, A ir Force Office of Scientific Research

Advanced primary propulsion for orbit transfer periodically receives attention, but invariably the propulsion systems
chosen have been adaptations or extensions of conventional liquid- and solid-rocket technology. The dominant con-
sideration in previous years was that the missions could be performed using conventional chemical propulsion. Con-
sequently, major initiatives to provide technology and to overcome specific barriers were not pursued. The advent of
reusable launch vehicle capability for low Earth orbit now creates new opportunities for advanced propulsion for in-
terorbit transfer. For example, 75% of the mass delivered to low Earth orbit may be the chemical propulsion system
required to raise the other 25% (i.e., the active payload) to geosynchronous Earth orbit; nonconventional propulsion
offers the promise of reversing this ratio of propulsion to payload masses.

The scope of the chapters and the focus of the papers presented in this volume were developed in two workshops held in
Orlando, Fla., during January 1982. In putting together the individual papers and chapters, one of the first obligations was
to establish which concepts are of interest for the 1995-2000 time frame. This naturally leads to analyses of systems and
devices. This open and effective advocacy is part of the recently revitalized national forum to clarify the issues and ap-
proaches which relate to major advances in space propulsion.

Published in 1984, 569pp., 6x9, illus., $45.00 Mem., $72.00 List

TO ORDER WRITE: Publications Dept., AIAA, 370 L'Enfant Promenade S.W., Washington, D.C. 20024-2518


